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Abstract  
The advantages of wavelet packets and their promising features in various application have attracted a lot of interest 
and effort in recent years. In this paper,  the  concept  of  biorthogonal  two-directional  finitely  supported  wavelet  
wraps  with  four-scale  is introduced. A new method  for designing two-directional biorthogonal wavelet wraps is 
developed and  their  properties  is investigated by means of time-frequency analysis method,  matrix theory and 
operator theory. The decomposition  relationship  is  established. Finally, two Riesz bases of  space 
2 2( )L R  are
constructed from these wavelet wraps.  The  biorthogonal finitely supported  bonary wavelet wraps was generalized 
to two-directional biorthogonal wavelet wraps . 
© 2011 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of [name organizer] 
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1.Introduction 
Wavelet analysis, as a very active mathematical branch of the nonlinear science, has drawn many 
attentions since it appeared, which have led to exciting applications in signal analysis, fractal theory 
image processing [1] and so on. The motivation for this paper comes from several constructions of 
wavelet decompositions for subdivision surfaces. The latest two decades or so have witnessed the 
development of multiwavelet theory [2]. Orthogonal wavelet packets were firstly introduced by Coifman 
and Meyer. Wavelet packets, due to their nice characteristics, have been   widely applied to signal 
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processing,  and fractals and so  on. The advantages of wavelet packets and their promising features in 
various application have attracted a lot of interest and effort  in recent years. Wavelet packets  have been  
widely  applied  to image  processing,  signal  processing  [3],  and  so  on.  The  advantages  of  wavelet  
packets  and  their promising features in various  application  have  attracted  a  lot  of  interest  and  
effort  in  recent  years.  In addition, wavelet  packets  provide  better  frequency  local ization  than  
wavelets while time-do-in  localization  is  not  lost. Yang[4] introduce the concept of  biorthogonal two-
directional refinable function and two-directional wavelets,  establish the biorthogonality criteria for two-
direction refinable  function  and  two-direction  wavelets.  It  is  necessary  to generalize  the concept of 
biorthognal uni-wavelets  to  the case of biorthognal bivariate two-directional wavelet  wraps.  Two-scale  
refinable  equation  with  scale  m  2 m Zd 
( ) { ( ) ( )}, (1)v v
v Z
f t d f mt v q f v mt

   ¦
plays a basic role in construction and application of scalar  wavelets[5]. However, except Harr wavelet, 
scalar wavelets  cannot simultaneously possess many desirable features  including  compact  support ,  
symmetry  and  orthogonality.  In order to avoid the shortage of scalar wavelets,  multiwavelets have 
been proposed  with the first example GHM multiwavelets which is  finitely  supported,  symmetric  and  
orthogonal However, symmetry of wavelets is much desired property in applications. Multiwavelets can 
simultaneously possess many desired properties such as short support, orthogonality, symmetry, and 
vanishing moments, which a single wavelet cannot possess simultaneously. This suggests that 
multiwavelet systems can provide perfect reconstruction,   good performance at the boundaries 
(symmetry), and high approximation order. The advantages of wavelet packets and their promising 
features in  various application have attracted a  lot of  interest and effort in recent years. In addition, 
wavelet wraps  provide better frequency localization than wavelets while time-domain localization is not 
lost.Thus, it is sig-nificant to generalize the  concept of wavelet wraps to the case of two-direction  
wavelet  packets.  Inspired  by  [4,5],  we  shall  propose  the  definition  and the construction of 
biorthogonal  two-directional  wavelet  wraps,  and  investigate  their properties by means of time-
frequency  analysis. 
2.Two-direction multiresolution  analysis 
By Z and Z+, we denote all integers and  nonnegative  integers,  respectively. The multiresolution 
analysis is one of the main approaches in the construction of wavelets. Let us introduce two-directional 
multiresolution analysis and recall the definition for biorthogonal two-directional wavelets. 
Definition  1.  We say that 2 2( ) ( )t L R=   is a  two-direction  -al bivariate refinable  function  if  ( )t=
satisfies  the  following  two-directional  refinable  equation: 
   
2 2
( ) ,  ( 2 )v v
v Z v Z
t d m t v d v m t 
 
   ¦ ¦= = =
where  the  sequences 2
2 2{ } ( )v v Zd l Z


  and   { }v v Zd

   2 2l Z are also called  positive-direction  
mask  and  negative-direction  mask,  respectively. 
If  all  negative-direction  mask  are  equal  to  0,  then  two-direction  refinable  equation  (2)  become  
two-scale  refinable  equation  (1).  By  taking  the  Fourier  transform  for  the  both  sides  of  (2),  we  
have
            / / ,  (3 )i m i mm b e b eZ ZZ Z Z    = = =
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where   22 /( ) 1 / ,u i mvv Zd z m d z z e Z    ¦   is  called  a positive-direction mask symbol, and  the 
following symbol  
2
2( ) (1 / ) uvv Zd z m d z
 

 ¦     is  called  negative-direction  mask  symbol.  In  
order  to  investigate  the  existence  of  sol-utions  of  the  two-direction  refinable  equation (2),  we  
rewrite  the  two-direction  refinable  equation  (2)  as   
     
2 2
, ( 4 )4 4v v
v Z v Z
t d t v d v t 
 
     ¦ ¦= = =
By  implementing  the  Fourier transform  for  the  borh  sides  of  (4),  we  have   
        / /( ) ( ) ,  ( 5 )i m i mm d e b eZ ZZ Z Z    = = =
Form  the  refinement equation  (3)  and  the  refinement  equation  (5),  we  get  that 
l    
 
 
 
/ 4 / 4
/ 4 / 4
/ 4( ) ( )
( ) ( ) / 4
i i
i i
d e d e
d e d e
H
Z Z
Z Z
Z Z
Z Z
Z
   
   
 
ª º ª ºª º
 « » « »« »
« »« » « »¬ ¼¬ ¼ ¬ ¼
= =
= =
 
 
By  virtue  of  the  positive-direction  mask  ^ `v v Zb    and  the  negative-directional  mask ^ `v v Zb    ,  we
construct   the following  matrix  equation: 
   
2
( )
( )
4u u
v Z u u
t
t
b b
t t v
b b
 
 
 


 
ª ºª º/  / « »« »¬ ¼ ¬ ¼
¦
          (6) 
It  is  easy  to  see  that  (6)  and  (7)  is  equivalent.  Let ( )B z  be  the  matrix  mask  symbol  of  ( )t/ .
Then
 
2
4
2
1
, .
i
v v v
v Z v v
d d
D z z z e
m d d
Z  
 
 

ª º
  « »
« »¬ ¼
¦
Definition 2. A pair of two-directional function ( )t= , i( )t =  2 2L R are  biorthogonal  ones,  if  their  
translate  satisfy 
i  
i  
0 , ,( ) ( )
( ) ( ) 9
, , 8
, 0 , ,
kt t k
t k t
k Z
k Z
G

 !  
 !  
=
=
=
=
where 0, kG   is  the  Kronecker  symbol  such  that 0, 1kG    as  k = 0,  and 0, 0kG   when  kz 0
/ 2 / 2 2
2 2( )
( ), ( ) : ,
j j j j
L Rj
m m t u m v m t u v ZclosV    = =
where ,j Z   “clos”  denote  the  closure  of  a  space  by  a  function   t .  A two-directional  
multiresolution  analysis  is^ `j j ZV   generated by   tI , if it the following hold:   
(i)
1 0V V      1V     ; (ii) ^ `0 ;j Z jV  
j Z jV*  is dense  in 
2 2( )L R , where 0 is the zero vector of 2 2( )L R ;   (iii)   0( )t VI   if and only if 
( ) ,j jm t VI  ; j Z ; (iv)   the  sequence 2 }{ ( ), ( ) : , Zt u v t u v  = =  forms a  Riesz  basis of  
subspace V0.
Several  two-directional  functions  ( {1, 2,( )tL L  *       ,15})"  are called  two-direction al 
wavelets  with  scale  4  associated  with   t= , if  the  family{ ( ), ( )t k n tL L   : 2,k n Z
`, L *  forms a  Riesz  basis  of   Wj  ,  where 1jV   ,j jV W j Z  Δ 4m  , whose   denotes  
the  direct  sum.  Then   tL   satisfies  the  following  equation: 
     
2 2
, ,4 4 ,v v
v Z v Z
t b t u b v tL L L L
 
 
*    ¦ ¦ = =
(10)
Takting  the  Fourier transform  for  (10) gives 
            / 4 / 44 , .  ( 1 1 )i ib e b eZ ZL L LZ Z Z L      *  
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Similarly,  there  exist  two  sequences 
2
2 2{ } ( )u
u Z
d l Z


 Δ i 2 2 2{ } ( )u u Zd l Z


  such   that 
   i    i     
2 2
4 4 . 1 2u u
u Z u Z
t d t u d u t
 
 
   ¦ ¦= = =
The Fourier  transforms  of equation  (12) becomes   
   i    i     4 4( ) / 4 ( ) / 4 . 1 3
i i
d e d e
Z Z
L LZ Z Z
 
 
 = = =
Similarly,  there  also  exist  two  sequences  ,{ },ub L

,{ }ub L

  2 2l Z so  that
          
2 2
, ,4 4 . 1 4v v
v Z u Z
t b t u b v tL LL
 
 
   ¦ ¦  = =
By  taking  the  Fourier  transforms  for  the  borh  sides  of  (14) ,  for L *  we  have 
   il   il    4 4( ) / 4 ( ) / 4 . 1 5
i i
b e b e
Z Z
LL LZ Z Z
 
   = =
We say that       2 2,t t L RLL   are pairs of  biorthogonal  two-direction wavelets associated 
with a pair of  biorthogonal two-directional scaling functions   i  ,t tO O  2 2( )L R , if  the family 
    2{ , : }t n n t n ZL L     is  a  Riesz  basis  of  subspace  W0 ,  and  they  satisfy  the  following  
equations: 
           1 6, , 0 , ,t t v t v tL L *    =  = 
           , , 0 , , 1 7t t u t u tL L     *=  = 
      2,0 ,, , , , , 1 8ut t u u ZL Q Q LG G L Q    * 
      2, 0 ,, , , , . 1 9ut u t u ZQ L QG G L Q    * 
By  replace t  by t  in  the refinement  eq.  (10) , we get    
     
2 2
, ,4 4 . ( 2 0 )v v
v Z v Z
t b t v b v tL L L
 
 
     ¦ ¦ = =
The refinement equations (10) and (20) lead  to  the  following  relation formula 
 
 
 
2
, ,
, ,
( )
( 4 ) , . 2 1
u u
u Z u u
t
t
t
b b
H t u
b b
L
L
L
L L
L L
L
 
 
 

*
ª º
/  « »
« »¬ ¼
ª º
  « »
« »¬ ¼
¦


3.Property of binary wavelet  wraps 
To introduce vector-valued wavelet wraps, we set 
i 
0 0( ) ( ), ( ) ( ), ( ) ( ),f t t f t t f t tL L   =  = i ( ) ( ),f t tLL  
i(0) (0) ( ) ( ), , , ,vv v v v vQ d Q d Q b Q b
L L
LL     
2, , v ZL *  .
1488   Zhang Hai-mo /  Physics Procedia  25 ( 2012 )  1484 – 1491 
For any 2ZD   and the givenvector-valued   biorthogonal  scaling  functions  0 ( )f t  and i 0 ( )f t ,
iteratively define, resp., 
2
( )
4( ) ( ) (4 ),v
v Z
f t f t Q f t vPD V P V

  ¦               (26) 
i i i
2
( )
4( ) ( ) (4 ).v
v Z
f t f t Q f t vPD V P V

  ¦                (27) 
where 20 {0,1, ,15}, ZP V *  "  is the unique element such that 04 ,D V P P  *  follows. 
Definition 3. We say that two families of vector functions 
2
4 0{ ( ), , }f t ZV P V P  *  and i 4{ ( ),tf V P
2
0, }ZV P *
are vector wavelet wraps with respect to 0 ( )f t  and 
i
0 ( )f t , respectively, where 4 ( )f tV P  and 
i
4 ( )f tV P
are given by (28) and (21), respectively. 
  Applying the Fourier transform for (20) and (21) gives, resp., 
l l( )
04 ( ) ( / 4) ( / 4), ,f Q f
P
V P VZ Z Z P *              (29) 
il il( )
04 (4 ) ( ) ( ), ,f Q f
P
V P VZ Z Z P  *                  (30) 
2
( ) ( )
0
1
( ) exp{ },
16 kk Z
Q ikP PZ Z P

    *¦) ,          (31) 
2
( ) ( )
0
1
( ) exp{ }, .
16 kk Z
Q ikP PZ Z P

    *¦ )            (32) 
Lemma 1[6]. Assume ( ), ( )G t G tP P 
2 2( , )sL R C , P*  are pairs of biorthogonal vector wraps 
associated with 0 ( )G t and 0 ( )G t , 2 s Zd   . Then, for 0,P Q * , we have 
0
( ) ( ) *
,(( 2 ) / 4) (( 2 ) / 4) .sI
P Q
P Q
U
J US J US G
*
   ¦ )    (33) 
Lemma 4[6]. Suppose 2{ ( ), }f t ZE E  and i
2{ ( ), }f t ZE E  are vector-valued wavelet wraps with respect 
to a pair of biorthogonal vector-valued functions 0 ( )f t  and 
i
0 ( )f t , respectively. Then, for 
2
0, ,Z vE P * , we have 
i 2
4 0, ,4( ), ( ) , .k svf f k I k ZE P P QE G G               (34) 
Theorem 1. If 2{ ( ), }f t ZD D   and i{ ( ),f tD D 
2}Z are vector-valued wavelet wraps with respect to a 
pair of biorthogonal vector-valued scaling functions 0 ( )f t  and 
i
0 ( )f t , then for any 
2, ZD V  , we have 
i 2
, 0,( ), ( ) , .k sf f k I k ZD D VV G G          (35) 
Proof. When D V ,(35) follows by Lemma 3. as D Vz  and 0,D V * , it follows from Lemma 4 that 
(35) holds, too. Assuming that D  is not equal to E , as well as at least one of { , }D V  doesn’t belong to 
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0* , we rewrite ,D V  as 1 1 1 14 , 4D D U V V P    , where 1 1 0,U P * . Case 1. If 1 1D V , then 
1 1U Pz . (35) follows by virtue of (29), (30) as well as Lemma 1 and 2,i.e., 
24S i( ), ( ) .f f kD V  
l il
2 1 1 1 1
*
4 4( ) ( ) exp{ }R f f ik dD U V PZ Z Z Z   ³
4 1 1,[0,2 ]
exp{ } .vI ik d OU PS G Z Z    ³
Case 2    If 1 1D Vz ,   order 1 2 24 ,D D U  1 2 24 ,V V P  where
2
2 2, ZD V  , and 
2 2 0, .U P * Provided that 2 2D V , then 2 2.U Pz  Similar to Case 1, (35) can be established. 
When 2 2D Vz , order 2 3 3 24 ,D D U V   3 34 ,V P  where
2
3 3 3 3 0, , ,ZD V U P * . Thus, after 
taking finite steps (denoted by N ), we obtain 0ND * , and 0, .N NU P *  If N ND V , then N NU Pz ,
(28) follows. If N ND Vz , then we obtain 
i l il
2 1
*
2
1
( ), ( ) ( ) ( )
(2 )
ik
R
f f k f f e dJD V D VJ J JS
    ³
l1 2
2
( ) ( )1 ( / 4) ( /16) ( /16)
(2 ) ss R
fU U DZ Z ZS
 ³ )
il 2 1
2
( ) ( )* * *( /16) ( /16) ( / 4) ike df P P ZV Z Z Z Z
    "") )
2
( )
2 ([0,2 4 ]
1
1
{ ( )}
(2 ) 4
l
l
l
ON
N
U
S
Z
S   
 ³ )
( ) *
1
{ ( )} exp{ } .
4
l
ll
ik d O
N P Z Z Z
 
      )
Therefore, for any 2, ZD V  , (35) is established. 
   For n N ,  define i i i 10
0
4 , .
n
l
n n nn
l

 
:  * :  : :¦ In what follows, we will give the direct 
decomposition of space 2 2( , ).sL R C
Theorem 2[4]. The family of vector-valued functions { (fD 
2), , }nu u Z D  /  forms a Riesz basis of 
0.
nV'  In particular, 2 2{ ( ), , }f u u Z ZD D      constitutes a Riesz basis of space 
2 2( , ).sL R C
Corollary 1. For every n N , the family of vector functions i 2{ ( ), ,f u u ZD    }nD / forms a Riesz 
basis of i 0.nV'
Corollary 2. For every n N , the family of vector-valued functions 
2{ (4 ), , , }j nf x u u Z j ZD D   : constitutes a Riesz basis of space 
2 2( , ).sL R C
Theorem 3. Suppose that 2{ ( ), }H x ZD D   and i{ ( ),H xD
2}ZD   are wavelet wraps with respect to 
a pair of biorthogonal vector-valued functions 
0 ( )H x  and 
i
0 ( )H x , respectively. Then, for 
2ZE  ,
2n Z , we have 
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i
0, , 0( ) , ( ) , , .SS n sH H n IE UE P P UG G P U     *  (36) 
Proof.    Since sR has the following partition: 2R  2 2([0, 2 ] 2 ),k Z kS S * and
2
1([0,2 ] 2 )kS S 
2
2([0,2 ] 2 )kS S  嘶 ,where
2
1 2 1 2, ,k k k k Zz  , denote 
TSY [ ,  then 
by Lemma 1, we have 
2(2 )S i( ), ( )SSH H nE UE P    
l il
2
*( ) ( ) exp{ }S S
R
H H in dE P E U[ [ [ [   ³
l
il
2
2
( )
[0,2 ]
* ( ) *
( ){ ( 2 )
( 2 ) } ( )
T
u z
in S
a H k
H k e d
P
E
S
U [
E
[ [ S
[ S [ [


 
 
¦³

%
%
2
( ) ( ) *
[0,2 ]
( ) ( )
T
T T in
S
S S e dP U [
S
[ [ [   ³ % %
j
2
0
( )
[0,2 ]
( ) *
( ( 2 ))
( ( 2 ))
T
T in
S
S e d
P
S
V
U [
[ SV
[ SV [

/
 
 

¦³ %
%
2
2
, 0, ,[0,2 ]
(2 ) .inr n rI e d I
[
P U P US
G [ S G G  ³
This completes the proof of the theorem 2. 
Corollary 3. Suppose 2{ ( ), }H x ZD D  and i{ ( ),H xD
2}ZD   are wavelet wraps with respect to a 
pair of biorthogonal multiple vector-valued scaling functions 
0 ( )H x  and 
i
0 ( )H x . Then, for 2ZD  ,
we have 
i 2
0,( ), ( ) , .k rH H k I k ZDD G        (37)
Corollary 4 [4] .  Assume 2{ ( ), }H x ZD D  and i{ ( ),H xD
2}ZD   are wavelet wraps with respect 
to a pair of biorthogonal vector-valued functions 
0 ( )H x  and 
i
0 ( )H x , respectively. Then, for any 
2, ZD E  , we have i 2
, 0,( ), ( ) , .k rH H k I k ZED D EG G        (38) 
4.Conclusion 
The  concept  of  biorthogonal  two-directional  finitely  supported  bivariate wavelet  packets  with  
four-scale  is introduced.  The decomposition  relationship  is  established. Lastly,  two  Riesz  bases  of  
space 2 2( )L R  are  drawn  from  these  wavelet  wraps.   
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